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Quasi-elliptic cohomology
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Quasi-elliptic cohomology
Explicit Definition

QEIR(X):= JI  KieX®)
gemo(Gr/G)
e mo(G™"/G): a set of representatives of G—conjugacy classes in G*';

* Ac(g) = Ca(g) x R/((g,—1));
o x-[a,t] =x-a, forall [a,t] € Ag(g), x € X&.
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Quasi-elliptic cohomology
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QENR(X) = [  Krye(X®)
gemo(Gr/G)
e mo(G™"/G): a set of representatives of G—conjugacy classes in G*';

* Ac(g) = Colg) x R/((g, —1));
o x-[a,t] =x-a, forall [a,t] € Ag(g), x € X&.
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Quasi-elliptic cohomology
Explicit Definition

QENR(X) = [  Krye(X®)
gemo(Gr/G)
e mo(G™"/G): a set of representatives of G—conjugacy classes in G*';

* Ac(g) = Colg) x R/((g, —1));
o x-[a,t] =x-a, forall [a,t] € Ag(g), x € X&.

QEIQ(X) is an Z[qF]—algebra

1— Colg) — Ng(g) =T —0

ZIg*] = KR(pt) == KRy (g)(Pt) — KR (g)(X)
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Quasi-elliptic cohomology
Explicit Definition

QENR(X) = [  Krye(X®)
gemo(Gr/G)
e mo(G™"/G): a set of representatives of G—conjugacy classes in G*';

* Ac(g) = Colg) x R/((g, —1));
o x-[a,t] =x-a, forall [a,t] € Ag(g), x € X&.

QEIQ(X) is an Z[qF]—algebra

1— Colg) — Ng(g) =T —0

ZIg*] = KR(pt) == KRy (g)(Pt) — KR (g)(X)

Relation with Tate K-theory

QENG(X) ®ziq+) Z((q)) = KTate(X/ G)-
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Basic Properties of Quasi-elliptic cohomology

Representation theory
Restriction map: RG — RH;

Equivariant K-theory
Restriction map: K2(X) — K5(X);

Quasi-elliptic cohomology
Restriction map: QE/R(X) — QEIS(X);
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Basic Properties of Quasi-elliptic cohomology

Restriction map: RG — RH;
Induction map: RH — RG.

Equivariant K-theory

Restriction map: Kg(X) — K3(X);
Induction map: K§(X) — K&(X);

Quasi-elliptic cohomology

Restriction map: QENZ(X) — QEIN(X);
Induction map: QEI(X) — QEIR(X);
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Basic Properties of Quasi-elliptic cohomology

Representation theory

Restriction map: RG — RH;
Induction map: RH — RG.
RG® RH — R(G x H).

Equivariant K-theory
Restriction map: K2(X) — K5(X);
Induction map: K§(X) — K&(X);
Kiinneth map: KZ(X) ® K§(Y) — KS u(X x Y);

Quasi-elliptic cohomology
Restriction map: QENZ(X) — QEIN(X);
Induction map: QEII(X) — QEIE(X);
Kiinneth map: QE//&(X)@Z[qi]QE//,;(Y) — QEIR (X xY).

Huan, Young (HUST, USU) Twisted Real Quasi-elliptic cohomology December 16, 2022 4/36



Basic Properties of Quasi-elliptic cohomology

Equivariant K-theory
Restriction map: Kg(X) — K3(X);
Induction map: K3(X) — K2(X);
Kiinneth map: K2(X) @ K§(Y) — K u(X x Y);

Change-of-group isomorphism: KZ(Y xy G) = Ka(Y);

Quasi-elliptic cohomology
Restriction map: QE/R(X) — QEIS(X);
Induction map: QEIIS(X) — QEIE(X);
Kiinneth map: QE//&(X)@Z[qi]QEIIﬁ(Y) — QENE, (X x Y).

Change-of-group isomorphism: QEIE(Y xy G) = QEINS(Y);
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Transfer ideal

Motivating Example: K-theory

Itr = Z Image[lzzl_’\;zj : KZ;XZj(pt) — KZN(pt)]'

i+j=N,
N>j>0
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Transfer ideal

Motivating Example: K-theory

Itr = Z Image[lzzl_’\;zj : KZ;XZj(pt) — KZN(pt)]'

i+j=N,
N>j>0

It is the smallest ideal such that the quotient

P
Pn/l : K(pt) —% Kg, (pt) = Ks,(pt)/ I
is a map of commutative rings.
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Transfer ideal
Motivating Example: K-theory

lyy == Z Image[lzzi’;’(zj : Ky xx;(pt) — Kg, (pt)]-
N>j>0

It is the smallest ideal such that the quotient

P
P/l - K(pt) — Kz (pt) = Kz (pt)/ ler
is a map of commutative rings.

Transfer Ideal

| \

7%= ) Imagellsls : Krate(pt/Ti X Ej) — Krate(pt/Tn)]
i+j=N,
N>;>0
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Transfer ideal
Motivating Example: K-theory

lyy = Z Image[/zzi’;’(zj : Ks,xx;(pt) — Kz, (pt)]-

i+j=N,
N>;>0

It is the smallest ideal such that the quotient

P
Pn/l : K(pt) — Kg, (pt) = Kx,(pt)/lr
is a map of commutative rings.

Transfer Ideal

o= 5 |mage[/zz,"'xzj t KTate(Pt/Zi X Xj) — Krare(pt/Zn)]
N>j>0
I3 = Y Image[Z3h s : QEN(pt/Ti x T;) — QEN(pt/Tn)]

i+j=N,
N>j>0
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Relation between elliptic cohomology and loop spaces

An old idea by Witten [Landweber]

LX= C*(T,X),
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Relation between elliptic cohomology and loop spaces

An old idea by Witten [Landweber]

LX= C*(T,X),

EIF*(X) «& KE(LX)
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Relation between elliptic cohomology and loop spaces

An old idea by Witten [Landweber]

LX=C®(T,X),

EIF*(X) «& K2(LX)

It's SURPRISINGLY difficult to make this idea precise.
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Relation between elliptic cohomology and loop spaces

An old idea by Witten [Landweber]

LX=C>®(T,X), T Qr X :/G

EIF*(X) «& K2(LX)

It's SURPRISINGLY difficult to make this idea precise.
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Review: Free Loop Space

LX = C*(T, X).
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Review: Free Loop Space

LX = C*(T, X).

T—action: v+t =(s+— y(s+ 1)).
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Review: Free Loop Space

LX = C*(T, X).

T—action: v+t =(s+— y(s+ 1)).
LG—action: v -0 = (s — 7(s) - (s)).
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Review: Free Loop Space

LX = C*(T, X).

T—action: v+t =(s+— y(s+ 1)).
LG—action: v -0 = (s — 7(s) - (s)).
LG x T—action: 7 - (0,1) = (s = y(s+ t) - §(s + t)).
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Review: Free Loop Space

LX = C*(T, X).

T—action: v- 1 = (s (s + 1)).
LG—action: v -0 = (s — 7(s) - (s)).
LG x T—action: 7 - (0,1) = (s = y(s+ t) - §(s + t)).
(01, t1) - (92, t2) = (s — 01(5)02(s + t1), t1 + t2)

v
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Review: Free Loop Space

LX = C*(T, X).

T—action: v- 1 = (s (s + 1)).
LG—action: v -0 = (s — 7(s) - (s)).
LG x T—action: 7 - (0,1) = (s = y(s+ t) - §(s + t)).
(01, t1) - (92, t2) = (s — 01(5)02(s + t1), t1 + t2)

v

Interpretation of the LG x T—action
LG: the group of gauge transformations.
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What is " Loop”?
Review: Free Loop Space

LX = C>(T, X).

T—action: v-t = (s— (s + 1)).
LG—action: v -0 = (s 7(s) - 0(s)).
LG x T—action: v-(0,1) =(s— y(s+t) - (s + t)).
((51, tl) . ((52, tg) = (S — (51(5)52(5 + tl), t1 + tg).

Interpretation of the LG x T—action

LG: the group of gauge transformations.
(g,5)—(0(s)g,5+1)

LG x T: the extended gauge group G x T

S5+
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What is " Loop”?
Review: Free Loop Space

LX = C>(T, X).

T—action: v- = (s+ y(s+ 1)).
LG—action: -0 = (s — 7(s) - (s)).
LG x T—action: v-(0,1) = (s y(s+ t) - (s + t)).
(01,t1) - (02, 82) = (s = 01(s)d2(s + t1), t1 + t2).

Interpretation of the LG x T—action

LG: the group of gauge transformations.

LG x T: act on loops GXT—>GxT-L =X
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The Answer: What is " Loop” ?

New Definition of Equivariant loops Loop(X// G)

Objects:
T p-f.x
e 7 : principal G—bundle over T e f: G—equivariant;
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The Answer: What is " Loop” ?

New Definition of Equivariant loops Loop(X// G)

Objects:
T p-f.x
e 7 : principal G—bundle over T e f: G—equivariant;

Morphism (a,t) : { T<"— P o X} — {T<"-P-Fo X}
f/

P e P2 X
T —t+—T
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The Answer: What is " Loop” ?

New Definition of Equivariant loops Loop(X// G)

Objects:
T p-f.x
e 7 : principal G—bundle over T e f: G—equivariant;

Morphism (a,t) : { T<"— P o X} — {T<"-P-Fo X}
f/

P P2 X
T —t+—T

Relation with Bibundles
Bibun(T /%, X | G)
same objects;

morphisms: («, Id). No rotations.
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Loop construction of Quasi-elliptic cohomology

A(X//G): a subgroupoid of Loop(X//G) consisting of constant loops.
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Loop construction of Quasi-elliptic cohomology

A(X//G): a subgroupoid of Loop(X//G) consisting of constant loops.
AXJG) =TT X¢/hcl(e)

gemo(Gr /G)
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Loop construction of Quasi-elliptic cohomology

A(X//G): a subgroupoid of Loop(X//G) consisting of constant loops.
AXJG) =TT X¢/hcl(e)

gemo(Gr /G)

QEN(X) = K3u(A(X/G))

Huan, Young (HUST, USU) Twisted Real Quasi-elliptic cohomology December 16, 2022



Power operation of equivariant cohomology theories

Power operation of K-theory

P, K(X) — Ks,(XX"), Vi V&
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Power operation of equivariant cohomology theories

Power operation of K-theory

P, K(X) — Ks,(XX"), Vi V&

Power operation of equivariant K-theory

P KG(X) — Koo (XX7), Vs VBN

.
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Power operation of equivariant cohomology theories

Power operation of K-theory

P,: K(X) — Ks,(X*"), Vs VX"

Power operation of equivariant K-theory

P, : Ko(X) — Kgs, (XXM), Vi VER

Wreath product G X,
(gla " 8n, U) ’ (h17 < hp, 7-) = (glhcr*l(l)a T gnhcrfl(n)v UT)'

L
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Power operation of equivariant cohomology theories

Power operation of K-theory

P,: K(X) — Ks,(X*"), Vs VX"

Power operation of equivariant K-theory [Atiyah]

P, : Ko(X) — Kgs, (XXM), Vi VER

Wreath product G X,

(gla T gnvlo-) ’ (h17 < hp, T) o= (g1h0’1(1)7 T gnhcrfl(n)v UT)'
Group action: (x1,---xn) - (&1, 8n 0) := (Xo(1)8(1)> " * * Xo(n)&o(n))-

L
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Power operation of equivariant cohomology theories

Power operation of K-theory

P,: K(X) — Ks,(X*"), Vs VX"

Power operation of equivariant K-theory [Atiyah]

P, : Ko(X) — Kgs, (XXM), Vi VER

Wreath product G X,

(gla T gnvlo-) ’ (h17 ~hp, 7-) = (gl o—1(1)) - gnhcrfl(n)v UT)'
Group action: (x1,---xn) - (&1, 8n 0) := (Xo(1)8(1)> " * * Xo(n)&o(n))-

L

Definition of Equivariant Power Operation [May][Ganter]

Pn : Eg(X) — Egiz,(X™")
satisfying some axioms.
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Quasi-elliptic cohomology has power operations

Atiyah's Power Operation

V: a vector bundle over A(X/G).
P,(V) := V®2s#1" defines an operation

P, : QEllg(X) — QEllgs, (X*")

Huan, Young (HUST, USU)
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Quasi-elliptic cohomology has power operations

Atiyah's Power Operation

[Ganter]
V: a vector bundle over A(X/G).

P,(V) := V®2s#1" defines an operation

P, : QEllg(X) — QEllgs, (X*")

The Elliptic Power Operation
P, — 11
(g,0)€mo((GZ ) J(GIZn))

QEllg(X) — QEllgys,(X*") = I1

(g,0)emo((GZn)* /(G1xr))
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Quasi-elliptic cohomology has power operations

Atiyah's Power Operation

[Ganter]
V: a vector bundle over A(X/G).
P,(V) := V®2s#1" defines an operation
P : QEllg(X) — QEllgys,,(X*™)
The Elliptic Power Operation [Huan]

P, = 11

(g:0)emo((GIZ,)* //(GIn)
QEllg(X) — QEllgys, (X*™) = 11

(g,0)emo((GZn)* /(G1xr))

Pg.0) : QEllg(X )ﬂKorb(A(g,a)(X))4Korb( (&) (X))

*

X (g:9) n o
— Ko (d(g.0)(X)) =5 Kigs, (g.0) (X™ )&))

Twisted Real Quasi-elliptic cohomology
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The Power Operation P,

Why is P,, good?
The construction can be generalized to other cohomology theories.
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The Power Operation P,

Why is P,, good?
The construction can be generalized to other cohomology theories.

Uniquely extends to the stringy power operation of Tate K-theory.
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The Power Operation P,

Why is P,, good?
The construction can be generalized to other cohomology theories.

Uniquely extends to the stringy power operation of Tate K-theory.

Elliptic: reflect the geometric structure of the Tate curve.
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Uniquely extends to the stringy power operation of Tate K-theory.

Elliptic: reflect the geometric structure of the Tate curve.
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The Power Operation P,

Why is P,, good?

The construction can be generalized to other cohomology theories.
Uniquely extends to the stringy power operation of Tate K-theory.

Elliptic: reflect the geometric structure of the Tate curve.

Example (G=¢e)
QEN(X) = K3(X). For each o € T, Py 0)(x) = B Bj.in) ()i
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The Power Operation P,

Why is P,, good?

The construction can be generalized to other cohomology theories.
Uniquely extends to the stringy power operation of Tate K-theory.

Elliptic: reflect the geometric structure of the Tate curve.

Example (G=¢e)
QEIR(X) = Kp(X). For each o € ¥, P1,5)(x) = By Kj, iy (X)k-
When n = 2,

Pa(x) = (P(z,(1)(1)) (%) P, 12)) (%)) = (x B x, (x)2).
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The Power Operation P,

Why is P,, good?
The construction can be generalized to other cohomology theories.

Uniquely extends to the stringy power operation of Tate K-theory.

Elliptic: reflect the geometric structure of the Tate curve.

Example (G=¢e)
QENZ(X) = K3(X). For each o € Ty, P(y (%) = B B, ..y (k-
When n = 2,

Pa(x) = (P(1,(1)(1)) (%), P1,(12)) (%)) = (x X x, (x)2)-

When n = 3, P3(x) = (]P)(l,(l)(l)(l))(x):P(L(IZ)(I))(X)’P(L(123))(X)) =
(x X x K x, (x)2 X x, (x)3).

12/36
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Classification problems on the formal group

[Stricklands, Hopkins-Kuhn-Ravenel, 1990s]

‘ Complex K-theory ‘ Morava E-theory E,

Formal group ‘ Gm ‘ Gy
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Classification problems on the formal group

[Stricklands, Hopkins-Kuhn-Ravenel, 1990s]

‘ Complex K-theory ‘ Morava E-theory E,

Formal group Gm Gy
Hom(A*, G) RA EY(BA)
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Classification problems on the formal group

[Stricklands, Hopkins-Kuhn-Ravenel, 1990s]

‘ Complex K-theory ‘ Morava E-theory E,

Formal group Gm Gy
Hom(A*, G) RA ES(BA)
Subgroups RY i/ ler ER(BE )/ ler
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Classification problems on the formal group

[Stricklands, Hopkins-Kuhn-Ravenel, 1990s]

‘ Complex K-theory ‘ Morava E-theory E,
Formal group Gm Gy
Hom(A*, G) RA ES(BA)
Subgroups RY /b EX(BX )/l
A*—Level structures | RA/Ix ES(BA)/IA
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Classification problems on generalized E—theories

[Schlank, Stapleton, 2015], [Ganter, Huan, 2018], [Huan, Stapleton, 2020]

Quasi-elliptic cohomology
Kon(M=)) Er(L"(-))
Formal group | Gm®Q/Z | Gu ® (Qp/Zp)"
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Classification problems on generalized E—theories

[Schlank, Stapleton, 2015], [Ganter, Huan, 2018], [Huan, Stapleton, 2020]

Quasi-elliptic cohomology

Kon(M=)) Er(L"(-))
Formal group Gm @ Q/Z Gy @ (Qp/Zp)"
Hom(A", ) Kz p(A(pt/A)) EO(L"BA)
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Classification problems on generalized E—theories

[Schlank, Stapleton, 2015], [Ganter, Huan, 2018], [Huan, Stapleton, 2020]

Quasi-elliptic cohomology

Kon(M=)) Er(L"(-))
Formal group Gm @ Q/Z Gy @ (Qp/Zp)"
Hom (A", G) Ko p(A(pt/A)) EO(£"BA)
Subgroup Korb (NPt px))/ ler EX(LhBY )/ Ier
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Classification problems on generalized E—theories

[Schlank, Stapleton, 2015], [Ganter, Huan, 2018], [Huan, Stapleton, 2020]

Quasi-elliptic cohomology

Kan(A () Ex(£(-))
Formal group Gm® Q/Z Gy @ (Qp/Zp)"
Hom(A", G) K2s(A(pt//A)) EO(£"BA)
Subgroup Korb(/\(pt//zpk))/ltr Er?(‘cthpk)/ltr
A*—Level structures | KX, (A(pt//A))/Ia ES(LhBA)/I4

December 16, 2022
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Twisted Real Quasi-elliptic cohomology
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Twisted Real Quasi-elliptic cohomology

(i) Defined to be a K-theory of a Real loop space
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Twisted Real Quasi-elliptic cohomology

(i) Defined to be a K-theory of a Real loop space

(ii) an equivariant elliptic cohomology associated to the Tate curve
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Twisted Real Quasi-elliptic cohomology

Expectation

(i) Defined to be a K-theory of a Real loop space
(ii) an equivariant elliptic cohomology associated to the Tate curve

(iii) Right relation to the moduli problems

the cohomology theory the Tate curve
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Twisted Real Quasi-elliptic cohomology

Expectation

(i) Defined to be a K-theory of a Real loop space
(ii) an equivariant elliptic cohomology associated to the Tate curve

(iii) Right relation to the moduli problems

the cohomology theory the Tate curve

The right K-theory: Freed-Moore K-theory.
Combine the Realness, the twists, the equivariance geometrically.
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Combine the Realness, the twists, the equivariance geometrically.

Basic Set Up
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(ii) An involution given by a double cover X — X.
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Expectation
(i) Defined to be a K-theory of a Real loop space

(i) an equivariant elliptic cohomology associated to the Tate curve

(iii) Right relation to the moduli problems

the cohomology theory the Tate curve

The right K-theory: Freed-Moore K-theory.
Combine the Realness, the twists, the equivariance geometrically.

Basic Set Up

(i) We start from a groupoid X.

(ii) An involution given by a double cover X — X.
(iii) A double cover A(X) — A(%).
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Twisted Real Quasi-elliptic cohomology

Expectation
(i) Defined to be a K-theory of a Real loop space

(i) an equivariant elliptic cohomology associated to the Tate curve

(iii) Right relation to the moduli problems

the cohomology theory the Tate curve

The right K-theory: Freed-Moore K-theory.
Combine the Realness, the twists, the equivariance geometrically.

Basic Set Up

(i) We start from a groupoid X.

i) An involution given by a double cover X — x.
iii) A double cover A(X) — A(X).

(
(
(iv) A twist on X A twist on A(%)
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Freed-Moore K-theory

Freed-Moore K-theory ”K'*é(i‘)

the Grothendieck group of finite rank twisted equivariant complex vector
bundles.
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Freed-Moore K-theory

Freed-Moore K-theory K*+0(%)
the Grothendieck group of finite rank twisted equivariant complex vector
bundles.

The groups "K*+9(X) recover various well-known K-theories.
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Freed-Moore K-theory

Freed-Moore K-theory "K*+0(%)

the Grothendieck group of finite rank twisted equivariant complex vector
bundles.

The groups ”K'*é(.’%) recover various well-known K-theories.
(i) If the BZy-grading of X is trivial,

TKH(R) = KO(R)
is twisted K-theory.
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Freed-Moore K-theory

Freed-Moore K-theory ”K’J“é(??i)

the Grothendieck group of finite rank twisted equivariant complex vector
bundles.

The groups ”K'+é(§€) recover various well-known K-theories.
(i) If the BZy-grading of X is trivial,
7TK.+é\(:%) _ K.+é(%)
is twisted K-theory.
(ii) If a compact Lie group G acts on a space X, then
K*(X/G) = K&(X)
is G-equivariant K-theory.
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Freed-Moore K-theory

Freed-Moore K-theory ”K'*é(i‘)

the Grothendieck group of finite rank twisted equivariant complex vector
bundles.

The groups 7TK'Jré(%) recover various well-known K-theories.
(i) If the BZy-grading of X is trivial,
wKo+é(:%) — Ko+é(:%)
is twisted K-theory.
(ii) If a compact Lie group G acts on a space X, then
K*(X/G) =~ Ka(X)
is G-equivariant K-theory.
(iii) If G =Zy and X is a G-space, then
TK(X)G) ~ KR*(X)
is KR-theory.
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Freed-Moore K-theory

Freed-Moore K-theory ”K'J“é(f%‘)

the Grothendieck group of finite rank twisted equivariant complex vector
bundles.

The groups 7rK'Jré(.’a%) recover various well-known K-theories.
(i) If the BZy-grading of X is trivial,
TKHE) = KH(X)
is twisted K-theory.
(ii) If a compact Lie group G acts on a space X, then
_ - K*(X/G) = K&(X)
is G-equivariant K-theory.
(iii) If G = Zy and X is a G-space, then
TK(X)G) ~ KR*(X)
is KR-theory.
(iv) More generally, if G = G x Zy and X is a G-space,
_ o TK*(X)G) ~ KRg(X)
is G-equivariant KR-theory.
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Real Equivariant loops Loop™(X// G) [Huan, Young]

(i) Objects:
T p . x
e proj : principal G—bundle over T e f: G—equivariant;
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Real Equivariant loops Loop™(X// G) [Huan, Young]

(i) Objects:
T p . x
e proj : principal G—bundle over T e f: G—equivariant;

(i) Morphism (o, (t,n)):

(2 p o x}— (TP Tox)

f‘/
P P2 X

|

T ~(t,n=T
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Real Equivariant loops Loop™(X// G) [Huan, Young]

(i) Objects:
T p . x
e proj : principal G—bundle over T e f: G—equivariant;

(i) Morphism (o, (t,n)):
{2 pr I x b= { T2 P X}

f‘/
P P2 X

|

T ~(t,n=T

(t,n) : s e(n)(t+s).
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The subgroupoid of constant Real Loops

Constant Real Loops

{']I“<ﬂ Pg;X | f constant }
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The subgroupoid of constant Real Loops

Constant Real Loops

{TﬂPg;X | f constant } = X&
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The subgroupoid of constant Real Loops

Constant Real Loops

{TﬂPg;X | f constant } = X&

Question: What is the Real version of A(X//G)?

Huan, Young (HUST, USU) Twisted Real Quasi-elliptic cohomology December 16, 2022 18 /36



The subgroupoid of constant Real Loops

Constant Real Loops

{TﬂPg;X | f constant } = X&

Question: What is the Real version of A(X//G)?

The Real centralizer of g € G

>

R _ A m(w), —1 __
Cf(e) ={we G |wg™ ™ =g} <G.
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The subgroupoid of constant Real Loops

Constant Real Loops

{TﬂPg;X | f constant } = X&

Question: What is the Real version of A(X//G)?

The Real centralizer of g € G

>

R _ A m(w), —1 __
Cf(e) ={we G |wg™ ™ =g} <G.

The enhanced Real stabilizer of g € G

A2 (g) = (R xx CR(g)) /4(~1,8))-

| \

.
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The subgroupoid of constant Real Loops

The subgroupoid of Real constant loops
N'ef(X JG) is the quotient groupoid A(X //G)//(tw,Ou).
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The subgroupoid of constant Real Loops

The subgroupoid of Real constant loops

N'ef(X JG) is the quotient groupoid A(X //G)//(tw,Ou).
(tw, ©y): the involution induced by the reflection ¢t — —t and Ad,,.
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The subgroupoid of constant Real Loops

The subgroupoid of Real constant loops

N'ef(X JG) is the quotient groupoid A(X //G)//(tw,Ou).
(tw, ©y): the involution induced by the reflection ¢t — —t and Ad,,.

There is an equivalence of BZy-graded groupoids

NF(X)G) =[] Xx&/AE(e)u L] X8 [N (g)-

ngo(G‘°'//G)_1 g€7ro(Gt°'//G)+1/Zg
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For general BZ,—graded groupoid

X — %, a double cover
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For general BZ,—graded groupoid

X — .’% a double cover

: quotient loop groupoid of X

Objects: (x,7) € Xg x Autg(x);

Mor((x1,71), (x2,72)) ={(g,t) € Morg(x1,x) x R |
Y2 =gng ti(ng t+1) = (12, t)}
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For general BZ,—graded groupoid

X — %, a double cover

: unoriented quotient loop groupoid of X

Objects: (x,7) € Xo x Autg(x);

Mor((x1;m), (x2,72)) ={(g, t) € Morg(x1,x2) x R |

v2 = g7 gt (hag, t+ 1) = (12, 1))}
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For general BZ,—graded groupoid

X — .’% a double cover

: unoriented quotient loop groupoid of X

Objects: (x,7) € Xo x Auts(x);

Mor((x1,71), (x2,72)) ={(g,t) € Morz(x1,x2) x R |

vo = g7 gL (ag, t + 1) = (32, 1))}-

v
Involution on AX

objects: (x,7) — (xw,w vy 1w)

morphisms: (g, t) — (wlg tw, —t)
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Twisted Loop Transgression

G finite. Twist QElR(—) by a € H3(BG; U(1)).
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Twisted Loop Transgression

G finite. Twist QElR(—) by a € H3(BG; U(1)).

Transgression 7 : H3(BG; U(1)) — H?(Map(S?, BG); U(1))

Huan, Young (HUST, USU) Twisted Real Quasi-elliptic cohomology December 16, 2022 21/36



Twisted Loop Transgression

G finite. Twist QElR(—) by a € H3(BG; U(1)).

Transgression 7 : H3(BG; U(1)) — H?(Map(S?, BG); U(1))

BG </ S! x Map(ST, BG) —% Map(SY, BG)
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Twisted Loop Transgression

G finite. Twist QElR(—) by a € H3(BG; U(1)).

Transgression 7 : H3(BG; U(1)) — H?(Map(S?, BG); U(1))

BG </ S! x Map(ST, BG) —% Map(SY, BG)

H3(BG; U(1)) —=2lkation’ 113(S1 x Map(St, BG); U(1))
l projection;

H?(Map(S?, BG); U(1))
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Twisted Loop Transgression

G finite. Twist QElR(—) by a € H3(BG; U(1)).

Transgression 7 : H3(BG; U(1)) — H?(Map(S?, BG); U(1))

BG <€ S x Map(St, BG) —”% Map(S, BG)

H3(BG; U(1)) —=2lkation’ 113(S1 x Map(St, BG); U(1))
l projection;

H?(Map(S?, BG); U(1))

H*(Map(S*, BG); U(1)) = [ [ H*(BCa(g): U(1))
[g]
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Twisted Loop Transgression

G finite. Twist QElR(—) by a € H3(BG; U(1)).

Transgression 7 : H3(BG; U(1)) — H?(Map(S?, BG); U(1))

BG <€ S x Map(St, BG) —”% Map(S, BG)

H3(BG; U(1)) —=2lkation’ 113(S1 x Map(St, BG); U(1))
l projection;

H?(Map(S?, BG); U(1))

H*(Map(S*, BG); U(1)) = [ [ H*(BCa(g): U(1))
[g]

a) = Heg.

s]
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Real Twisted Loop Transgression

G—G5Zy, Twist by @ € H3(BG; U(1))

Real Transgression ' : H3(BG; U(1)) — H2t™(Map(St, BG); U(1))
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Real Twisted Loop Transgression

G—G5Zy, Twist by @ € H3(BG; U(1))

Real Transgression ' : H3(BG; U(1)) — H2t™(Map(St, BG); U(1))

BC—;<L51 X7 Map(Sl, BG) LOJ;_ Map(517 BG) //Z2
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Real Twisted Loop Transgression

G—G5Zy, Twist by @ € H3(BG; U(1))

Real Transgression ' : H3(BG; U(1)) — H2t™(Map(St, BG); U(1))
BG < ST x;, Map(S', BG) % Map(S?, BG) //Z»
H3(BG; U(1)) —=2laton 13(S1 %, Map(S?, BG); U(1))

l projection;

H?*+™(Map(S?, BG) /Z; U(1))

Huan, Young (HUST, USU) Twisted Real Quasi-elliptic cohomology December 16, 2022



Real Twisted Loop Transgression

G—G5Zy, Twist by @ € H3(BG; U(1))

Real Transgression ' : H3(BG; U(1)) — H2t™(Map(St, BG); U(1))
BG < ST x;, Map(S', BG) % Map(S?, BG) //Z»
H3(BG; U(1)) —=2lation, 13(S1 %, Map(St, BG); U(1))

l projection;

H?*+™(Map(S?, BG) /Z; U(1))

H**™(Map(S", BG) [ Z,; U(1)) = [ [ H**™(BCE(g): U(1))
g]
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Real Twisted Loop Transgression

G—G5Zy, Twist by @ € H3(BG; U(1))

Real Transgression ' : H3(BG; U(1)) — H2t™(Map(St, BG); U(1))
BG < ST x;, Map(S', BG) % Map(S?, BG) //Z»
H3(BG; U(1)) —=2lation, 13(S1 %, Map(St, BG); U(1))

l projection;

H?*+™(Map(S?, BG) /Z; U(1))

H**™(Map(S", BG) [ Z,; U(1)) = [ [ H**™(BCE(g): U(1))
g]

~ref H ;E_ref
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Twisted Real Quasi-elliptic cohomology [Huan, Young]

Definition

QEIR*T(X JG) = KR*TT (@ (A(X /G)),
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Twisted Real Quasi-elliptic cohomology [Huan, Young]

Definition

QEIR*T(X JG) = KR*TT (@ (A(X /G)),

There is a KR}(pt)-module isomorphism

N ° ~ref &
QEIR(X)6) ~ ] ”KAg(Zr)( )(xe).
gemo(G/rG)
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Twisted Real Quasi-elliptic cohomology [Huan, Young]

Definition

QEIR*T(X JG) = KR*TT (@ (A(X /G)),

There is a KR}(pt)-module isomorphism

QEIR*(X)G) =~ [[ "KuE @ (xs).

_Ni(e)
gemo(GJrG)
More explicitly,
QEIR*T4(X //G)
~ o+ (a) o+1(a)
~ H KRy 5 (XE) % H Koy (XE).
g€mo(G/G)-1 geno(G)/G)y1/Z
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Examples

G ={e} and G = 7Z,
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Examples

G ={e} and G = 7Z,

(i)

QEI*(X) ~ Kp(X) ~ K*(X)[gT!].
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Examples

(i)
QEI*(X) ~ Kp(X) ~ K*(X)[gT!].
(ii) If X is a compact G-manifold,

QEIR*(X) ~ KR*(X)[gFY].
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Examples

(i)

QEI*(X) ~ Kp(X) ~ K*(X)[gT!].

(ii) If X is a compact G-manifold,
QEIR*(X) ~ KR*(X)[gFY].

(iii) When the G-action on X is trivial,

QEIR*(X) ~ KO*(X)[g™].
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(i)

QEI*(X) ~ Kp(X) ~ K*(X)[gT!].

(ii) If X is a compact G-manifold,
QEIR*(X) ~ KR*(X)[gFY].

(iii) When the G-action on X is trivial,
QEIR*(X) ~ KO*(X)[g™].

G=12,and G= D,

n—1
QEllz (pt) ~ [] Kn,. (m)(PY)-

m=0
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(i)

QEI*(X) ~ Kp(X) ~ K*(X)[gT!].

(ii) If X is a compact G-manifold,
QEIR*(X) ~ KR*(X)[gFY].

(iii) When the G-action on X is trivial,
QEIR*(X) ~ KO*(X)[g™].

I

3
>

I

G=%Z,and G = D,,

n—1
QENS (pt) = [ Kr,,(m(Pt).  QEIIRS, (pt) H KRR, (m)(PL).

m=0
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Properties of the theory
Recovering complex quasi-elliptic cohomology

e X: agroupoid; eG={e},G=7Z, eX=XUX.
QEIR® (X U X) ~ QEI*(X).
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Properties of the theory
Recovering complex quasi-elliptic cohomology

e X: agroupoid; eG={e},G=7Z, eX=XUX.
QEIR® (X U X) ~ QEI*(X).

v

Change—of—group isomorphism
: QEIIRE(X xp CA;) Res, QEIRY(X x¢ G) QE//RH(X)

is an isomorphlsm.
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Properties of the theory

Recovering complex quasi-elliptic cohomology
e X: agroupoid; eG={e},G=7Z, eX=XUX.
QEIR*(X LX) ~ QEII*(X).

Change-of-group isomorphism

>
> |

P8 : QEIRS(X xp G) %= QEIR:(X x iy 6) & QENRS(X)

is an isomorphism.

Induction map

Rind§ - KRY(X) & KRE(X xpy G) 2 KRE(X).
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Properties of the theory

Recovering complex quasi-elliptic cohomology
e X: agroupoid; eG={e},G=7Z, eX=XUX.
QEIR*(X LX) ~ QEII*(X).

Change-of-group isomorphism

>
> |

P8 : QEIRS(X xp G) %= QEIR:(X x iy 6) & QENRS(X)

is an isomorphism.

Induction map

Rind§ - KRY(X) & KRE(X xpy G) 2 KRE(X).

Gfl

TRE : QEIRY(X) 2o QENRE(X xp 6) & QENR(X).
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cf., (e h) =~ cE(g) xz, C(h).
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cf., (e h) =~ cE(g) xz, C(h).

/\(;RXZQQ(g, h) ~ AZ(g) %0, A§(h).
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cf., (e h) =~ cE(g) xz, C(h).
A&x, (82 h) = AZ(g) xo, AG(h).

C"(BG) x C"(BA) — C"(B(G xz, A)),  (&,5) — ap.
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ng H(g’ h) = Cg(g) XZy Cg(h)a
AGRX H(gv h) = /\GR(g) X0, Ag(h)

C"(BG) x C"(BA) — C"(B(G xz, A)),  (&,5) — ap.

ﬂ .+T (a £) @y TR B) (yhy _ m et T (D) (g.h)
K (X&) ® K,\R(h) (Y?) = KASXZQH(M((XXY) )
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ng H(g’ h) = Cg(g) XZy Cg(h)a
AGRX H(gv h) = /\GR(g) X0, Ag(h)

C"(BG) x C"(BA) — C"(B(G xz, A)),  (&,5) — ap.

x -+T (a £) @y TR B) (yhy _ m et T (D) (g:h)
K (X&) @ K,\R(h) (Y") — K,\GX e g m (XX Y)ED).

QENRE™(X)& ke (or) QENRS (V) 1=

° T, ref
11 ”KAI:(T)( J(XE) @kre oy KA;F(;) Oy,
gemo(G/r6)
hemo(H//zF)
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70(G//rG) x mo(H/rH) <= (G x HJ rG xz, A).
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70(G//rG) x mo(H/rH) <= (G x HJ rG xz, A).

QENRE ™ (X)& ke (or) QENRS (V) — QEIRSE (X x Y)
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70(G//rG) x mo(H/rH) <= (G x HJ rG xz, A).

QENRE ™ (X)& ke (or) QENRS (V) — QEIRSE (X x Y)

QEINRE ™ (X)& ke (pr) QENRY (V)
N H 7TK'+%;$f(643) ((X > Y)(g,h))

/\g H(g7h)
gemo(G/rG) 2
hEﬂ'o(H//RH)
ot+7ref (&8
R | IR RN (G OR
m0(GxH/rGxz,H) Xzt

—QEIRTSP (X x ).
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Relation with the Real Tate curve

T[N] and QEI*(-)

T[N] ~ Hom(Z}, Tate(q)) ~ Spec(QEllgN(pt))

G:ZNandCA;:DM

The involution of mo(G//G) induced by G is trivial.
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Relation with the Real Tate curve

T[N] and QEI*(-)

T[N] ~ Hom(Z}, Tate(q)) ~ Spec(QEllgN(pt))

G:ZNandCA;:DM

The involution of mo(G//G) induced by G is trivial.

The group inverse on Tate(q) ~ (V — V)
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Relation with the Real Tate curve

T[N] and QEI*(-)

T[N] ~ Hom(Z}, Tate(q)) ~ Spec(QEllgN(pt))

G:ZNandCA;:DM

The involution of mo(G//G) induced by G is trivial.

The group inverse on Tate(q) ~ (V — V)
On Hom(Z},, Tate(q))

* _\-1
Zi 5 Tate(q)) = (Zh 2% 75 5 Tate(q) 2 Tate(q)).
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Relation with the Real Tate curve

T[N] and QEI*(-)

T[N] ~ Hom(Z}, Tate(q)) ~ Spec (QE/, (pt))

G:ZNandCA;:DM

The involution of mo(G//G) induced by G is trivial.

The group inverse on Tate(q) ~ (V V)
On Hom(Z},, Tate(q))

* _\-1
Zi 5 Tate(q)) = (Zh 2% 75 5 Tate(q) 2 Tate(q)).

The homotopy fixed points of this Zj-action on QEII%N(pt)

Homz,(Z}y, Tate(q)) ~ Spec (QE//R%N(pt))
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Set up for the Power operation

Real Structure on the Wreath product G? X

G is a Real structure on G.

Huan, Young (HUST, USU) Twisted Real Quasi-elliptic cohomology December 16, 2022 29 /36



Set up for the Power operation
Real Structure on the Wreath product G? X

G is a Real structure on G.
GlEy = {(g;0) € GlXy | m(gi) = w(g) for all i,j}
T 62\,\/ — Lo, (gio) v 7(gi)
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Set up for the Power operation

Real Structure on the Wreath product G Xy

G is a Real structure on G.
GlEy = {(g;0) € GlXy | m(gi) = w(g) for all i,j}
T 62\,\/ — Lo, (gio) v 7(gi)

on : C(BG) = C™(BG L EN)
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Set up for the Power operation

Real Structure on the Wreath product G Xy

G is a Real structure on G.
GlEy = {(g;0) € GlXy | m(gi) = w(g) for all i,j}
T 62\,\/ — Lo, (gio) v 7(gi)

on : C(BG) = C™(BG L EN)

N
on(@(an] - lanl) =[] allgs g2, 2, 88,2+ 180, 0]
J:
is a cochain map, where a; = (gi;0;) € ﬁ, fori=1,...,n.
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The twist is the right one

Let &, 3 € C™7(BG). The cochain operations {py}nso have the
following properties:
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The twist is the right one

Let &, 3 € C™7(BG). The cochain operations {py}nso have the
following properties:

(i) po(&) =1 and p1(4) = 4.
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The twist is the right one

Let &, 3 € C™7(BG). The cochain operations {py}nso have the
following properties:

(i) po(&) =1 and p1(4) = 4.
(i) pm(&) X pn(d) = "prmin(d),

—_—

t:GlEZm XZ2GZZN_>GZZM+N-
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The twist is the right one

Let &, 3 € C™7(BG). The cochain operations {py}nso have the
following properties:

(i) po(&) =1 and p1(4) = 4.
(i) pm(&) X pn(d) = "prmin(d),

—_—

t:GlEZm XZ2GZZN_>GZZM+N-

(i) pm(pn(d)) = "pun(a),
LG ({N\ZZ/\/I) — GZ/Z\MN.
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The twist is the right one

Let &, 3 € C™7(BG). The cochain operations {py}nso have the
following properties:

(i) po(&) =1 and p1(4) = 4.
(i) pm(&) X pn(d) = "prmin(d),

—_—

t:GlEZm XZ2GZZN_>GZZM+N-

(i) pm(pn(d)) = "pun(a),
LG ({N\ZZ/\/I) — GZ/Z\MN.

(iv) pn(a®B) = (pn(a) B pn(A)),
L:GlZy — G (Ty X Tn).
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Power operations for Freed-Moore K-theory [Huan, Young]

X: a G—space.
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Power operations for Freed-Moore K-theory [Huan, Young]

X: a G—space.
V — X: a f-twisted Real G-equivariant vector bundle,
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Power operations for Freed-Moore K-theory [Huan, Young]

X: a G—space.
V — X: a f-twisted Real G-equivariant vector bundle,
VEN 5 XN 3 o (0)-twisted Real G ¥ y-equivariant vector bundle.
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Power operations for Freed-Moore K-theory [Huan, Young]

X: a G—space.
V — X: a f-twisted Real G-equivariant vector bundle,
VEN 5 XN 3 o (0)-twisted Real G ¥ y-equivariant vector bundle.

R«(;_ﬁ ot T °+\7/\l((;) x N XN
PR TREI(X) = TR O oM,y v,
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Properties of P’e N0

The operations {Pﬁ’e}NZO have the following properties:
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Properties of P’e N0

The operations {Pﬁ’e}NZO have the following properties:

() PRO(V)=1and PRI(V) =V for all V € "K2H(X).
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Properties of P’e N0

The operations {Pﬁ’é},\/zo have the following properties:
() PRO(V)=1and PRI(V) =V for all V € "K2H(X).
(i) The (external) product of two operations is

0 0 Gix 0
P’ (V)R PR(V) = Resgy s (P n(V):
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Properties of P’e N0

The operations {Pﬁ’é},\/zo have the following properties:
() PRO(V)=1and PRI(V) =V for all V € "K2H(X).
(i) The (external) product of two operations is

0 0 Gix 0
P’ (V)R PR(V) = Resgy s (P n(V):

(iii) The composition of two operations is

Room(8), pR.0 Gz Rp
pRon@)(pRO(yy) = Reng(z’Vl’V"gZM)(PMN(V)).
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Properties of P’e N0

The operations {Pﬁ’é},\/zo have the following properties:
() PRO(V)=1and PRI(V) =V for all V € "K2H(X).
(i) The (external) product of two operations is

0 0 Gix 0
P’ (V)R PR(V) = Resgy s (P n(V):

(iii) The composition of two operations is

Room(8), pR.0 Gz Rp
pRon@)(pRO(yy) = Reng(z’Vl’V"gZM)(PMN(V)).

(iv) The operations preserve external products: for V € 7rKé*’é(X) and
w e "KIH(X),
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Power operation of twisted Real quasi-elliptic cohomology?

R& _ mR,a
]P)N - H - ‘(grr)
(8:0)Emo((GIZn)™ /rGIZp)
ﬁ e o+& ° * ref & ()/\
P QENRETH(X) YR, KRe+Ur(EE (8 DALy (X)) L
o+ ( JroUj (T (8)) ( pvar R petd i)
KR*TORURE @O NG (X)) = KR (d(g,0)(X)) —

*Higir)(9)

hamyair) (X" E7),
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Power operation of twisted Real quasi-elliptic cohomology?

R& _ mR,a
]P)N - H - ‘(grr)
(8:0)Emo((GIZn)™ /rGIZp)
ﬁ e o+& ° * ref & ()/\
P QENRETH(X) YR, KRe+Ur(EE (8 DALy (X)) L
o+ ( JroUj (T (8)) ( pvar R petd i)
KR*TORURE @O NG (X)) = KR (d(g,0)(X)) —

*Higir)(9)

hamyair) (X" E7),

where the twist is

d:= H H k o Ug( ~ref(&))gik---gi17

k (’17 7)
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Power operation of twisted Real quasi-elliptic cohomology?

(E,U)EWO((GZZN)mF//RG/Zz\N)

ﬁ & o4& ° * ref & ( )A
P QEIRETA(X) Uk, KR+ Un(Es(a D(Ngioy (X)) —
KR.+( )QOUE(%;?f(&)) /\var X X KRO+d d X f(;a)
(Ngey (X)) = (digi0) (X)) —

*Higir)(9)

hamyair) (X" E7),

where the twist is

d:= H H k o Ug( ~ref(&))gik---gi17

k (’17 7)

{PZ’&}NZO gives a power operation for Real quasi-elliptic cohomology. \
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Power operation of twisted Real quasi-elliptic cohomology?

The left problem

=ref

C*+m(BG) — = C*1(Lrf BG)

ol |

~ref

CH(BGIIy) —= C* 1L BG I Tp)

commutes?
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Power operation of twisted Real quasi-elliptic cohomology?

The left problem

=ref

C*+m(BG) — = C*1(Lrf BG)

ol |

~ref

CH(BGIIy) —= C* 1L BG I Tp)

commutes?
Does Py commute with the loop transgression?
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Thank you.
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