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Classifying Spaces and Characteristic Classes

Let G be a topological group. Then there is a topological space BG,
called the classifying space of G, such that
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Classifying Spaces and Characteristic Classes

Let G be a topological group. Then there is a topological space BG,
called the classifying space of G, such that
@ For any “good” topological space X, there is a bijection between the
set of homotopy classes of maps [X, BG] and the set of equivalence
classes of principal G-bundles over X, or equivalently, the cohomology
set Hl(X; G);
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Classifying Spaces and Characteristic Classes

Let G be a topological group. Then there is a topological space BG,
called the classifying space of G, such that

@ For any “good” topological space X, there is a bijection between the
set of homotopy classes of maps [X, BG] and the set of equivalence
classes of principal G-bundles over X, or equivalently, the cohomology
set H1(X; G);

@ G — BG is a functor from the category of topological groups to the
homotopy category of topological spaces, i.e., for a homomorphism
G — H of topological groups, there is a uniquely determined
homotopy class of maps BG — BH satisfying certain compatibility
conditions.
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Classifying Spaces and Characteristic Classes

To construct the classifying space BG, one starts with a simplicial
topological space EG defined by

EG, = G"t1

with the “obvious” face and degeneracy maps.
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Classifying Spaces and Characteristic Classes

To construct the classifying space BG, one starts with a simplicial
topological space EG defined by

EG, = G"t1

with the “obvious” face and degeneracy maps. The geometric realization
of|[EG| admits a free G action,
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Classifying Spaces and Characteristic Classes

To construct the classifying space BG, one starts with a simplicial
topological space EG defined by

EG, = G"t1

with the “obvious” face and degeneracy maps. The geometric realization
of|[EG| admits a free G action, and we set BG := |EG|/G.
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Classifying Spaces and Characteristic Classes

To construct the classifying space BG, one starts with a simplicial
topological space EG defined by

EG, = G"t1

with the “obvious” face and degeneracy maps. The geometric realization
of|[EG| admits a free G action, and we set BG := |EG|/G.

In the above construction, one can let G be a simplicial group and replace
geometric realization with the diagonal (of a bisimplicial set), the resulting
simplicial set, also denoted by BG, is the classifying space of the simplicial
group G.
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Classifying Spaces and Characteristic Classes

For a principal G-bundle £ over X,
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Classifying Spaces and Characteristic Classes

For a principal G-bundle £ over X, the corresponding homotopy class of
maps f : X — BG induces a homomorphism between cohomology rings

F*: H*(BG) — H*(X).

The elements in Im f* are called the characteristic classes of £&. The
cohomology classes in H*(BG) are called the universal characteristic
classes (associated to G).
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Classifying Spaces and Characteristic Classes

For a principal G-bundle £ over X, the corresponding homotopy class of
maps f : X — BG induces a homomorphism between cohomology rings

F*: H*(BG) — H*(X).

The elements in Im f* are called the characteristic classes of £&. The
cohomology classes in H*(BG) are called the universal characteristic
classes (associated to G).

H*(BGL,(C); Z) = Z[c1, ¢, -+, Cn)-

The class ¢; is the ith Chern class.
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Motivic cohomology
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Motivic cohomology

Fix a base field k and abelian group A. Motivic cohomology is a collection
of functors, indexed by pairs (s, t) of non-negative integers, from Sm*, the
category of smooth schemes over k, to the category <7 b of abelian groups

Hyf(—; A) : Sm* — o7 b.
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Motivic cohomology

Fix a base field k and abelian group A. Motivic cohomology is a collection
of functors, indexed by pairs (s, t) of non-negative integers, from Sm*, the
category of smooth schemes over k, to the category <7 b of abelian groups

Hyf(—; A) : Sm* — o7 b.

The functors H;\‘/;*(—; A) has similar properties as those of singular
cohomology:
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Motivic cohomology

Fix a base field k and abelian group A. Motivic cohomology is a collection

of functors, indexed by pairs (s, t) of non-negative integers, from Sm*, the

category of smooth schemes over k, to the category <7 b of abelian groups
Hyf(—; A) : Sm* — o7 b.

The functors H;\‘/;*(—; A) has similar properties as those of singular
cohomology:

° H,?/’,O(X;A) = A, for X connected, and
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Motivic cohomology

Fix a base field k and abelian group A. Motivic cohomology is a collection
of functors, indexed by pairs (s, t) of non-negative integers, from Sm*, the
category of smooth schemes over k, to the category <7 b of abelian groups

Hyf(—; A) : Sm* — o7 b.

The functors H;‘/’,*(—; A) has similar properties as those of singular
cohomology:

° H,?/’,O(X;A) = A, for X connected, and
o for 0 — Ag — A1 — Ay — 0 a short exact sequence of abelian
groups, there is a long exact sequence

S S S 6 S
o HY (= Ag) = Hl (= AL) = Hit (= Ag) S HPBE (= Ag) - -
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Motivic cohomology

Fix a base field k and abelian group A. Motivic cohomology is a collection
of functors, indexed by pairs (s, t) of non-negative integers, from Sm*, the
category of smooth schemes over k, to the category <7 b of abelian groups

Hyf(—; A) : Sm* — o7 b.
The functors H,’\‘/’,*(—; A) has similar properties as those of singular
cohomology:
° H,?/’,O(X;A) = A, for X connected, and
o for 0 — Ag — A1 — Ay — 0 a short exact sequence of abelian
groups, there is a long exact sequence

S S S 6 S
o HY (= Ag) = Hl (= AL) = Hit (= Ag) S HPBE (= Ag) - -

@ Given a commutative unital ring R, the functors H,SV’,t(—; R)
collectively form a functor from Sm* to R/ Ig**, the category of
bi-graded, bi-commutative R-algebras:

H (= R) : Sm* — Ralg™*.

4
Xing Gu (Westlake) Cohomology of BPGL, 2022-12-17 8/43




Motivic cohomology

(last slide continued)

o (homotopy invariance, or Al—invariance) For the affine line Al, the
canonical projection X x Al — X induces an isomorphism

H (X; A) = Hi' (X x AL A).
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Motivic cohomology

Motivic cohomology theory recovers many important invariants in
algebraic geometry.
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Motivic cohomology

Motivic cohomology theory recovers many important invariants in
algebraic geometry.

0*(X), s =1 (the invertible elements in (X)),
H3 (X, Z) = { Pic(X), s =2 (the Picard group of X),
0, s#1,2.
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Motivic cohomology

Motivic cohomology theory recovers many important invariants in
algebraic geometry.

0*(X), s =1 (the invertible elements in (X)),
H,sw’l(X; Z) = { Pic(X), s = 2 (the Picard group of X),
0, s#1,2.

Example (Milnor K-theory)

Hy7(spec(k), A) = KM(k) @ A, where KM (k) are the Milnor K-groups of
k.

Xing Gu (Westlake) Cohomology of BPGL, 2022-12-17 10/43



Motivic cohomology

For a strictly Hensel local scheme S over k, and an integer n prime to the
characteristic of k, we have

ot _
Hs’t(spec(S);Z/n) _ {gn S(i),os 0,

where p, is the étale sheaf of nth roots of unity.
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Motivic cohomology

For a strictly Hensel local scheme S over k, and an integer n prime to the
characteristic of k, we have

pRt(S), s=0,

Hs,t(speC(S); Z/n) = {0 s # 0

where p, is the étale sheaf of nth roots of unity.

Example (Chow groups)
H,%;’t(X; A) = CHY(X) ® A, where CH*(X) are the Chow groups of X.
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Motivic cohomology

In general, étale cohomology cannot be recovered from motivic
cohomology. In particular, it is generally not Al-invariant.
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Motivic cohomology

In general, étale cohomology cannot be recovered from motivic
cohomology. In particular, it is generally not Al-invariant.

We would like to understand motivic cohomology in a
homotopy-theoretical setting, like we did in the case of singular
cohomology.
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Motivic homotopy theory
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Presheaves (of sets) over a category
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Presheaves (of sets) over a category

For a category &, let PShv(%’) be the category of presheaves of sets over
(gy
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Presheaves (of sets) over a category

For a category &, let PShv(%’) be the category of presheaves of sets over
%, i.e., contravariant functors from % to the category of sets.
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Presheaves (of sets) over a category

For a category &, let PShv(%’) be the category of presheaves of sets over
%, i.e., contravariant functors from % to the category of sets. The
category ¢ is regarded as a subcategory of PShv(%’) via the Yoneda
embedding

X = E(—, X).
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Presheaves (of sets) over a category

For a category &, let PShv(%’) be the category of presheaves of sets over
%, i.e., contravariant functors from % to the category of sets. The
category ¢ is regarded as a subcategory of PShv(%’) via the Yoneda
embedding

X = E(—, X).

The category of presheaves over €, PShv(%), has all small colimits.
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Presheaves (of sets) over a category

For a category &, let PShv(%’) be the category of presheaves of sets over
%, i.e., contravariant functors from % to the category of sets. The
category ¢ is regarded as a subcategory of PShv(%’) via the Yoneda
embedding

X = E(—, X).

The category of presheaves over €, PShv(%), has all small colimits.
Moreover, all presheaves over % are colimits of representable presheaves.
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Presheaves (of sets) over a category

For a category &, let PShv(%’) be the category of presheaves of sets over
%, i.e., contravariant functors from % to the category of sets. The
category ¢ is regarded as a subcategory of PShv(%’) via the Yoneda
embedding

X = E(—, X).

The category of presheaves over €, PShv(%), has all small colimits.
Moreover, all presheaves over % are colimits of representable presheaves.
Therefore, PShv(%’) may be thought of as € “formally adjoining all small
colimits”.
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Presheaves (of sets) over a category

For a category &, let PShv(%’) be the category of presheaves of sets over
%, i.e., contravariant functors from % to the category of sets. The
category ¢ is regarded as a subcategory of PShv(%’) via the Yoneda
embedding

X — € (—, X).

The category of presheaves over €, PShv(%), has all small colimits.
Moreover, all presheaves over % are colimits of representable presheaves.
Therefore, PShv(%’) may be thought of as € “formally adjoining all small
colimits”.

Similarly, the category of simplicial presheaves over €, A°P PShv(%), may
be thought of as & “formally adjoining all small homotopy colimits”.
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Presheaves (of sets) over a category

For a category &, let PShv(%’) be the category of presheaves of sets over
%, i.e., contravariant functors from % to the category of sets. The
category ¢ is regarded as a subcategory of PShv(%’) via the Yoneda
embedding

X — € (—, X).

The category of presheaves over €, PShv(%), has all small colimits.
Moreover, all presheaves over % are colimits of representable presheaves.
Therefore, PShv(%’) may be thought of as € “formally adjoining all small
colimits”.

Similarly, the category of simplicial presheaves over €, A°P PShv(%), may
be thought of as & “formally adjoining all small homotopy colimits”.

For instance, algebraic stacks are simplicial presheaves over schemes.
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Grothendieck topologies, sites

A site is a category €
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Grothendieck topologies, sites

A site is a category € with a piece of additional data, called a
Grothendieck topology,
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Grothendieck topologies, sites

A site is a category € with a piece of additional data, called a
Grothendieck topology, that allows us to discuss things “locally”.
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Grothendieck topologies, sites

A site is a category € with a piece of additional data, called a
Grothendieck topology, that allows us to discuss things “locally”.

The canonical example of a site is the category of topological spaces,
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Grothendieck topologies, sites

A site is a category € with a piece of additional data, called a
Grothendieck topology, that allows us to discuss things “locally”.

The canonical example of a site is the category of topological spaces, with
the Grothendieck topology given by inclusions of open sets.

Xing Gu (Westlake) Cohomology of BPGL, 2022-12-17 15 /43



Grothendieck topologies, sites

A site is a category € with a piece of additional data, called a
Grothendieck topology, that allows us to discuss things “locally”.

The canonical example of a site is the category of topological spaces, with
the Grothendieck topology given by inclusions of open sets.

Different Grothendieck topologies can be defined for the same category.
Sometimes, one is “finer" than another.
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Zariski, Nisnevich, and étale sites

Many Grothendieck topologies are considered on the category of schemes
(over a field k).
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Zariski, Nisnevich, and étale sites

Many Grothendieck topologies are considered on the category of schemes
(over a field k).

For example, we have the Zariski topology, the Nisnevich topology, and
the étale topology, each finer than the previous one.
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Zariski, Nisnevich, and étale sites

Many Grothendieck topologies are considered on the category of schemes
(over a field k).

For example, we have the Zariski topology, the Nisnevich topology, and
the étale topology, each finer than the previous one.

In the three cases above, the rings of “locally defined functions” are:
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Zariski, Nisnevich, and étale sites

Many Grothendieck topologies are considered on the category of schemes
(over a field k).

For example, we have the Zariski topology, the Nisnevich topology, and
the étale topology, each finer than the previous one.

In the three cases above, the rings of “locally defined functions” are:

e Zariski: local rings (R, m), i.e., commutative unital rings R with a
unique maximal idea m;
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Zariski, Nisnevich, and étale sites

Many Grothendieck topologies are considered on the category of schemes
(over a field k).

For example, we have the Zariski topology, the Nisnevich topology, and
the étale topology, each finer than the previous one.

In the three cases above, the rings of “locally defined functions” are:

e Zariski: local rings (R, m), i.e., commutative unital rings R with a
unique maximal idea m;

o Nisnevich: Henselian rings, i.e., local rings (R, m) such that
factorizations of monic coprime polynomials over the residue field
R/m lift to factorizations over R.
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Zariski, Nisnevich, and étale sites

Many Grothendieck topologies are considered on the category of schemes
(over a field k).

For example, we have the Zariski topology, the Nisnevich topology, and
the étale topology, each finer than the previous one.

In the three cases above, the rings of “locally defined functions” are:

e Zariski: local rings (R, m), i.e., commutative unital rings R with a
unique maximal idea m;

o Nisnevich: Henselian rings, i.e., local rings (R, m) such that
factorizations of monic coprime polynomials over the residue field
R/m lift to factorizations over R.

@ étale: Strict Henselian rings, i.e., Henselian rings with separably
closed residue fields.
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The motivic homotopy category over a field k

We would like to have a “homotopy category of schemes” which sees
motivic cohomology as a homotopy invariant.

Xing Gu (Westlake) Cohomology of BPGL, 2022-12-17 17 /43



The motivic homotopy category over a field k

We would like to have a “homotopy category of schemes” which sees
motivic cohomology as a homotopy invariant.

For any site ., the category PShv(.’) has a canonical model category
structure depending on the Grothendieck topology of .#.
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The motivic homotopy category over a field k

We would like to have a “homotopy category of schemes” which sees
motivic cohomology as a homotopy invariant.

For any site ., the category PShv(.’) has a canonical model category
structure depending on the Grothendieck topology of .#.

Let Smf,, be the site of smooth schemes over a field k
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The motivic homotopy category over a field k

We would like to have a “homotopy category of schemes” which sees
motivic cohomology as a homotopy invariant.

For any site ., the category PShv(.’) has a canonical model category
structure depending on the Grothendieck topology of .#.

Let Smf,. be the site of smooth schemes over a field k with the Nisnevich
topology. Define

Mot¥ := A PShv,(Smf;,).
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The motivic homotopy category over a field k

We would like to have a “homotopy category of schemes” which sees
motivic cohomology as a homotopy invariant.

For any site ., the category PShv(.’) has a canonical model category
structure depending on the Grothendieck topology of .#.

Let Smf,. be the site of smooth schemes over a field k with the Nisnevich
topology. Define
Mot¥ := A PShv,(Smf;,).

Therefore, the category of " motivic spaces’” MotX over k canonically has a
structure of model category,
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The motivic homotopy category over a field k

We would like to have a “homotopy category of schemes” which sees
motivic cohomology as a homotopy invariant.

For any site ., the category PShv(.’) has a canonical model category
structure depending on the Grothendieck topology of .#.

Let Smf,. be the site of smooth schemes over a field k with the Nisnevich
topology. Define
Mot¥ := A PShv,(Smf;,).

Therefore, the category of " motivic spaces” Motl,‘ over k canonically has a
structure of model category, i.e., notaions of weak equivalences, fibrations
and cofibrations.
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The motivic homotopy category over a field k

We would like to have a “homotopy category of schemes” which sees
motivic cohomology as a homotopy invariant.

For any site ., the category PShv(.’) has a canonical model category
structure depending on the Grothendieck topology of .#.

Let Smf,. be the site of smooth schemes over a field k with the Nisnevich
topology. Define
Mot¥ := A PShv,(Smf;,).

Therefore, the category of " motivic spaces” Motl,‘ over k canonically has a
structure of model category, i.e., notaions of weak equivalences, fibrations
and cofibrations.

We denote the corrsponding homotopy category by HMot*.
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Motivic classifying spaces

For a group object G in MotX, we may take the simplicial object EG
defined by
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Motivic classifying spaces

For a group object G in MotX, we may take the simplicial object EG
defined by
EG, = G"'!
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Motivic classifying spaces

For a group object G in MotX, we may take the simplicial object EG
defined by

EG, = G"t!

and EG is therefore a bisimplicial presheaf with a G-action.
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Motivic classifying spaces

For a group object G in MotX, we may take the simplicial object EG
defined by
EG, = G"'!

and EG is therefore a bisimplicial presheaf with a G-action. Take
BpisG = diag(EG/G) € Motk
The simplicial Nisnevich presheaf Bp;sG “classifies” Nisnevich G-torsors:
Torsory;s(—) — HMotX(—, ByisG)

where Torsory;s(X) denotes the isomorphism classes of Nisnevich
G-torsors over X.
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Etale classifying spaces

Let Sm¥, denote the Grothendieck site of smooth schemes over k with the
étale topology.
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Etale classifying spaces

Let Sm¥, denote the Grothendieck site of smooth schemes over k with the
étale topology.

There is a "forgetful” morphism of Grothendieck sites

. k k
VI Smét — SmN,'S
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Etale classifying spaces

Let Sm¥, denote the Grothendieck site of smooth schemes over k with the
étale topology.
There is a "forgetful” morphism of Grothendieck sites

7 : Smk, — Smj,
which induces a pair of adjoint functors

Tw : A% PShve(SmE,) = A% PShv,(Smf) : 7*.
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Etale classifying spaces

Let Sm¥, denote the Grothendieck site of smooth schemes over k with the
étale topology.

There is a "forgetful” morphism of Grothendieck sites
7 : Smk, — Smj,
which induces a pair of adjoint functors
Tw : A% PShve(SmE,) = A% PShv,(Smf) : 7*.
For an algebraic group G over k, let the étale classifying space of G be

BG := B4 G := 7.7 (BpnisG) € MotX.

Xing Gu (Westlake) Cohomology of BPGL, 2022-12-17 19 /43



Etale classifying spaces

Let Sm¥, denote the Grothendieck site of smooth schemes over k with the
étale topology.
There is a "forgetful” morphism of Grothendieck sites

7 : Smk, — Smj,
which induces a pair of adjoint functors
Tw : A% PShve(SmE,) = A% PShv,(Smf) : 7*.
For an algebraic group G over k, let the étale classifying space of G be
BG := B4 G := 7.7 (BpnisG) € MotX.
The space BG “classifies” étale G-torsors:
Torsors;(—) — HMotX(—, BG)

where Torsors:(X) denotes the isomorphism classes of étale G-torsors over
X.
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The Al-localization

We can modify the model category structure over Mot¥,
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The Al-localization

We can modify the model category structure over MotX, so that the
projections X x Al — X become weak equivalences.
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The Al-localization

We can modify the model category structure over MotX, so that the
projections X x Al — X become weak equivalences.

We denote the corresponding homotopy category by Hp: Mot .
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The Al-localization

We can modify the model category structure over MotX, so that the
projections X x Al — X become weak equivalences.

We denote the corresponding homotopy category by Hp: Mot .

It turns out that the homotopy category Hp: MotX is much easier to work
with than HMot*.

Xing Gu (Westlake) Cohomology of BPGL, 2022-12-17 20/43



The Al-localization

We can modify the model category structure over MotX, so that the
projections X x Al — X become weak equivalences.

We denote the corresponding homotopy category by Hp: Mot .

It turns out that the homotopy category Hp: MotX is much easier to work
with than HMot*.

However, the advantages come with costs.
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The Al-localization

We can modify the model category structure over MotX, so that the
projections X x Al — X become weak equivalences.

We denote the corresponding homotopy category by Hp: Mot .

It turns out that the homotopy category Hp: MotX is much easier to work
with than HMot*.

However, the advantages come with costs. For instance, the natural
transformation

Torsorss(—) — HpaiMot%(—, BG)

is, in general, neither surjective nor injective.
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Motivic Eilenberg-Mac Lane spaces

Let Hy;"(—; R) denote motivic cohomology with coefficients in a
commutative unital ring R.
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Motivic Eilenberg-Mac Lane spaces

Let Hy;"(—; R) denote motivic cohomology with coefficients in a
commutative unital ring R. For 0 < t <'s, we have the motivic
Eilenberg-Mac Lane space K(R(t),s) representing motivic cohomology,
ie.,

HAIMOtI:(_a K(R(t)a S)) = HIS\)It(_; R)

where Hy;"(—; R) denotes the motivic cohomology with coefficients in R.
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The motivic Steenrod reduced power operations

For p an odd prime, we have operations

satisfying a set of axioms similar to those of the classical Steenrod reduced
power operations in algebraic topology.
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The motivic Steenrod reduced power operations

For p an odd prime, we have operations

satisfying a set of axioms similar to those of the classical Steenrod reduced
power operations in algebraic topology.

For p = 2, we have the motivic counterpart of the Steenrod squares as
well.
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The (complex) topological realization

Take k = C.
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The (complex) topological realization

Take k = C.

Let 7o be a the category of (compactly generated, weak Hausdorff)pointed
topological spaces with the usual model category structure.

Xing Gu (Westlake) Cohomology of BPGL, 2022-12-17 23 /43



The (complex) topological realization

Take k = C.

Let 7o be a the category of (compactly generated, weak Hausdorff)pointed
topological spaces with the usual model category structure.
There is a " geometric realization functor”

t¢: Mottt — 7,
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The (complex) topological realization

Take k = C.

Let 7o be a the category of (compactly generated, weak Hausdorff)pointed
topological spaces with the usual model category structure.
There is a " geometric realization functor”

t¢: Mottt — 7,

taking a complex algebraic variety X to its underlying complex manifold
X(C), regarded as a topological space.
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The (complex) topological realization

Take k = C.

Let 7o be a the category of (compactly generated, weak Hausdorff)pointed
topological spaces with the usual model category structure.
There is a " geometric realization functor”

t¢: Mottt — 7,
taking a complex algebraic variety X to its underlying complex manifold
X(C), regarded as a topological space.

Passing to homotopy categories, we have

tC : HaiMot$ — HT,.
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The cycle class map

The t€ satisfies
C(K(R(t),5)) = K(R, s).
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The cycle class map

The tC satisfies
C(K(R(t), 5)) = K(R. ).
Therefore, we have the following natural transformation
cl: Hyf (= R) = H*(t“(-): R)

which we called the cycle class map.
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The cycle class map

The t€ satisfies
C(K(R(t),5)) = K(R, s).

Therefore, we have the following natural transformation
cl: Hof (= R) = H(t“(—); R)

which we called the cycle class map. It generalizes the ordinary cycle class
map

cl: CHY(X) @ R = Hip'(X; R) — H*(X(C); R)

where X is a smooth complex algebraic variety.
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The cycle class map

The cycle class map cl : Hy)'(—; R) — H*(t(-); R)
@ is a homomorphism of R-algebras, and
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The cycle class map

The cycle class map cl : Hy)'(—; R) — H*(t(-); R)
@ is a homomorphism of R-algebras, and
@ is compatible with the Bockstein homomorphisms

HI (X Fp) —2— H (X Z)

Jo Jo

Ho(t5(X)i Fp) —2— HTH(t5(X): 2),
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The cycle class map

The cycle class map cl : Hy)'(—; R) — H*(t(-); R)
@ is a homomorphism of R-algebras, and
@ is compatible with the Bockstein homomorphisms

HI (X Fp) —2— H (X Z)

lcl lcl
H2(t(X); Fp) —"— H(t5(X); 2),
@ and the Steenrod operations

H;/’,t(X;FP) P Hs+2l(p 1),t4+i(p— U(X;FP)

b

He(t5(X); Fp) —— H=H 20D (5(X); ).
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The cycle class map for BG

For a complex algebraic group G, we have t*(BG) = BG(C), and
therefore
cl: Hy (BG; R) — H*(BG(C); R)

and in particular,

cl: CHY(BG) ® R = Hat'(BG; R) — H?*(BG(C); R).
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The cycle class map for BG

For a complex algebraic group G, we have t*(BG) = BG(C), and
therefore
cl: Hy (BG; R) — H*(BG(C); R)

and in particular,

cl: CHY(BG) ® R = Hyt'(BG; R) — H?*(BG(C); R).

Example
Let G = GL, or SL,,. Then

cl: CHY(BGL,) = Hit (BGL,; Z) — H?*(BU,,; Z.),
cl : CHY(BSL,) = Hab'(BSL,; Z) — H?*(BSU,; Z.).

are isomorphisms.

v
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The main theorems
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On the Chow ring of BPGL,

Let PGL, = GL,/C*. The Chow ring and cohomology of BPGL,, are
difficult.
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On the Chow ring of BPGL,

Let PGL, = GL,/C*. The Chow ring and cohomology of BPGL,, are
difficult.
Some of the “obvious” things are:
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On the Chow ring of BPGL,

Let PGL, = GL,/C*. The Chow ring and cohomology of BPGL,, are
difficult.
Some of the “obvious” things are:

@ Rationally, we have isomorphisms

CH*(BPGL,) ® Q = CH*(BSL,) ® Q,
H*(BPGL; Q) 2 H*(BSLp; Q).
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On the Chow ring of BPGL,

Let PGL, = GL,/C*. The Chow ring and cohomology of BPGL,, are
difficult.
Some of the “obvious” things are:

@ Rationally, we have isomorphisms

CH*(BPGL,) ® Q = CH*(BSL,) ® Q,
H*(BPGL; Q) 2 H*(BSLp; Q).

@ All torsion classes are n-torsion.
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On the Chow ring of BPGL,

Let PGL, = GL,/C*. The Chow ring and cohomology of BPGL,, are
difficult.
Some of the “obvious” things are:

@ Rationally, we have isomorphisms

CH*(BPGL,) ® Q = CH*(BSL,) ® Q,
H*(BPGL; Q) 2 H*(BSLp; Q).

@ All torsion classes are n-torsion.

(]
HY(BPGL,; Z) = H*(BPGL,; Z) = 0,
H3(BPGL,; Z) = 7,/ n.
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Review of the literature

Currently, the study of the cohomology and Chow ring of BPGL,, is rather
incomplete:
o (Kono and Mimura, 1971) The Fp-module structure of
H*(BPGLygk12; F2).
o (Toda, 1986), The Fp-algebra structure of H*(BPGL442; F2) and
H*(BPGL4; Fy).
o (Vavpeti¢ and Viruel, 2005) Some results on H*(BPGLp; Fp) for a
prime number p.
o (Vezzosi, 2000) An almost complete computation of H*(BPGL3) and
CH*(BPGL3).
e (Vistoli, 2007) A complete computation of H*(BPGL3) and
CH*(BPGL3), and an almost complete computation of H*(BPGL))
and CH*(BPGL,) for p > 3 a prime number.
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Review of the literature

However, none of the works listed above concerns the integral cohomology
H*(BPU,) for arbitrary n. Regarding this, we have

e (G, 2016) The ring structure of H*(BPGL,) in dimensions less than
11.

e (G, 2019, 2020) A distinguished subring generated by p-torsion
classes of CH*(BPGL,) and H*(BPGL,).

o (G-Zhang-Zhang-Zhong, 2021) The p-local cohomology
Hk(BPGLn)(p) for k < 2p+5 and a prime number p.
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On the Chow ring of BPGL,

For m | n, consider the diagonal homomorphism

A
A PGLy, — PGL,, A
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On the Chow ring of BPGL,

For m | n, consider the diagonal homomorphism

A
A PGLy, — PGL,, A
A

The induced map BA : BPGL,, — BPGL,, plays a key role in what follows.
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On the Chow ring of BPGL,

Theorem (G, 2020)

Let p be an odd prime, and n a positive integer divisible by p. Then there
are nontrivial p-torsion classes

ppk(n) € CHP"FY(BPGL,), ypi(n) = cl(ppi(n)) € H"+2(BPGL,)
for k >0,

4
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On the Chow ring of BPGL,

Theorem (G, 2020)

Let p be an odd prime, and n a positive integer divisible by p. Then there
are nontrivial p-torsion classes

ppk(n) € CHP " FL(BPGL,), ypu(n) = cl(pp(n)) € H¥ " +2(BPGL,)
for k > 0, such that for p | m | n and A : PGL,, — PGL,, we have

BA(ppk(n)) = ppk(m), BA™(ypk(n)) = ypk(m). (1)

4
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On the Chow ring of BPGL,

Theorem (G, 2020)

Let p be an odd prime, and n a positive integer divisible by p. Then there
are nontrivial p-torsion classes

ppk(n) € CHP " FL(BPGL,), ypu(n) = cl(pp(n)) € H¥ " +2(BPGL,)
for k > 0, such that for p | m | n and A : PGL,, — PGL,, we have

BA(ppk(n)) = ppk(m), BA™(ypk(n)) = ypk(m). (1)

Furthermore, suppose r > 1 satisfies p" | n and p"*1 t n.
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On the Chow ring of BPGL,

Theorem (G, 2020)

Let p be an odd prime, and n a positive integer divisible by p. Then there
are nontrivial p-torsion classes

ppk(n) € CHP " FL(BPGL,), ypu(n) = cl(pp(n)) € H¥ " +2(BPGL,)
for k > 0, such that for p | m | n and A : PGL,, — PGL,, we have
BA*(ppk(n)) = ppk(m), BA™(ypk(n)) = ypi(m). (1)

Furthermore, suppose r > 1 satisfies p" | n and p1 { n. Then there are
injective ring homomorphisms

ZIYi |0 < k <2r—1]/(pYk) = CH*(BPGL,), Yik = ppi(n), (2)

Z[Yk | 0< k <2r— 1]/(ka) = H*(BPGL,-,), Yk — yp’k(n). (3)

v
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On the Chow ring of BPGL,

When there is no risk of ambiguity, we write p, x and y, « for p, «(n) and
Yp.k(n), respectively.
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On the Chow ring of BPGL,

When there is no risk of ambiguity, we write p, x and y, « for p, «(n) and
Yp.k(n), respectively. For each n > 1, we define the subrings

{mw) = Zlppx | k> 0]/(pppx) C CH*(BPGL,),
R(n) = Z[yp,k | k> 0]/(P)/p,k) C H*(BPGL,).
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On the Chow ring of BPGL,

When there is no risk of ambiguity, we write p, x and y, « for p, «(n) and
Yp.k(n), respectively. For each n > 1, we define the subrings

{mw) = Zlppx | k> 0]/(pppx) C CH*(BPGL,),
R(n) = Z[yp,k | k> 0]/(P)/p,k) C H*(BPGL,).

Theorem (G, 2021)

Let p be an odd prime and n > 1 an integer with p-adic valuation r > Q.
Then the homomorphisms BA* restrict to isomorphisms

{BA* m(n) = Ru(p"). Ppi(n) = poi(p").
BA* : %(n) = R(p"), Ypk(n) = ypi(p").
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On the Chow ring of BPGL,

We are not yet able to determine the polynomial relations in {pp x }x<; or
{¥p.ktk<i for i >2r.
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On the Chow ring of BPGL,

We are not yet able to determine the polynomial relations in {pp x }x<; or
{yp,k}kgi for i > 2r.
However, for r = 1, we have the following

Theorem (G, 2020)

For p and odd prime, and n > 0 an integer satisfying p | n and p?{ n, the
classes pp € CH*(BPGL,) for k = 0,1,2, satisfy a nontrivial polynomial
relation

255 1
pho +ooh 4+ phopp2 =0, (4)

and similarly for y, € H*(BPGL,), k = 0,1,2, we have

241 1
Yoo+ e+ ¥ oy = 0. (5)
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Outline of the proof
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Outline of the proof

The proofs involve:
@ a non-toral p-elementary subgroup of PGL, and the action of its
normalizer on its cohomology;
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Outline of the proof

The proofs involve:
@ a non-toral p-elementary subgroup of PGL, and the action of its
normalizer on its cohomology;
@ the Steenrod reduced power operations
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Outline of the proof

The proofs involve:
@ a non-toral p-elementary subgroup of PGL, and the action of its
normalizer on its cohomology;
@ the Steenrod reduced power operations

@ the Serre spectral sequence for

BGL, — BPGL, — K(Z,3)
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Outline of the proof

The proofs involve:
@ a non-toral p-elementary subgroup of PGL, and the action of its
normalizer on its cohomology;
@ the Steenrod reduced power operations

P CHS t( ) )_) H5+2I(p 1),t+i(p— 1)( . p)-

@ the Serre spectral sequence for

BGL, — BPGL, — K(Z,3)

o the Beilinson-Lichtenbaum Conjecture/Theorem (Voevodsky, 2008):
Hy (Xi Z/m) = HEg (X 1)
for s < t, where u, is the étale sheaf represented by

spec(k[x]/(x™ — 1)).
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The Beilinson-Lichtenbaum Conjecture/Theorem

The Beilinson-Lichtenbaum Conjecture/ Theorem is a generalization of a
fundamental result, the norm residue isomorphism theorem (or
Bloch—Kato conjecture), which concerns an isomorphism between Milnor
K-theory and étale cohomology of a field.
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The “fundamental” classes

We construct “fundamental” classes
x1 € H3(BPGL,), (1 € H3?(BPGL,)

satisfying cl(¢1) = x1.
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The “fundamental” classes

We construct “fundamental” classes

x1 € H3(BPGL,), (1 € H3?(BPGL,)
satisfying cl(¢1) = x1.

For singular cohomology, the short exact sequence of Lie groups

1—Z/n— SL, — PGL, — 1
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The “fundamental” classes

We construct “fundamental” classes

x1 € H3(BPGL,), (1 € H3?(BPGL,)

satisfying cl(¢1) = x1.
For singular cohomology, the short exact sequence of Lie groups

1—Z/n— SL, — PGL, — 1

induces a connecting homomorphism H(—; PGL,) — H?(—;Z/n).
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The “fundamental” classes

We construct “fundamental” classes
x1 € H3(BPGL,), (1 € H3?(BPGL,)

satisfying cl(¢1) = x1.
For singular cohomology, the short exact sequence of Lie groups

1—Z/n— SL, — PGL, — 1
induces a connecting homomorphism H(—; PGL,) — H?(—;Z/n).

Composing it with the connecting homomomorphim
H?(—;Z/n) — H3(—; Z),
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The “fundamental” classes

We construct “fundamental” classes
x1 € H3(BPGL,), (1 € H3?(BPGL,)

satisfying cl(¢1) = x1.
For singular cohomology, the short exact sequence of Lie groups

1—Z/n— SL, — PGL, — 1

induces a connecting homomorphism H(—; PGL,) — H?(—;Z/n).
Composing it with the connecting homomomorphim
H?(—;Z/n) — H3(—;Z), we obtain

[—, BPGL,] = HY(—; PGL,) — H3(—;Z) = [-, K(Z,3)],

and by Yoneda lemma we obtain a homotopy class of maps
BPGL, — K(Z,3), which is the “fundamental” class x; € H3(BPGL,).
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The “fundamental” classes

The construction of (1 € Hi’f(BPGLn) is based on a similar idea, but is
more subtle.
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The “fundamental” classes

The construction of (1 € Hi’f(BPGLn) is based on a similar idea, but is
more subtle.

Recall the isomorphism
HMOtKIis(_a BG) gH;t(_; G) =

{iso. classes of étale principal G-bundles over(—).}.
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The “fundamental” classes

The construction of (1 € Hi’f(BPGLn) is based on a similar idea, but is
more subtle.

Recall the isomorphism
HMOtKIis(_a BG) gH;t(_; G) =
{iso. classes of étale principal G-bundles over(—).}.

Therefore, the connecting homomorphism H2.(—; PGL,) — H3,(—; n)
induces a morphism in HMot:

BPGL, — B?un,
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The “fundamental” classes

The construction of (1 € Hi’f(BPGLn) is based on a similar idea, but is
more subtle.

Recall the isomorphism

HMOtKIis(_a BG) gH;t(_; G) =

{iso. classes of étale principal G-bundles over(—).}.

Therefore, the connecting homomorphism H2.(—; PGL,) — H3,(—; n)
induces a morphism in HMot:

BPGL, — B?un,

which passes to a morphism in HMot(,C.
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The “fundamental” classes

Recall the Beilinson-Lichtenbaum Conjecture/Theorem:
Hyj (X3 2/ m) = Hg(X: i)

for s <'t,
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The “fundamental” classes

Recall the Beilinson-Lichtenbaum Conjecture/Theorem:
Hyj (X3 2/ m) = Hg(X: i)
for s < t, from which we deduce
Hegt(_; [in)
~H3,(—; u%?) (C containing a primitive nth root of unity)
gH,%f(—; Z/n) (Beilinson-Lichtembaum)
~HMotS(—, K(Z/n(2), 2)).
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The “fundamental” classes

Recall the Beilinson-Lichtenbaum Conjecture/Theorem:
Hyp (XiZ/m) = Hg (X pi')
for s < t, from which we deduce
Hegt(_; Mn)

~H2.(—; u®?) (C containing a primitive nth root of unity)

gH,%f(—; Z/n) (Beilinson-Lichtembaum)

~H 1 Mot$ (—, K(Z/n(2),2)).
Since Bz,u,, is Al-invariant, we have

Hegt(_; fin) = Hpat Mot?(—, Bzﬂn)a
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The “fundamental” classes

Recall the Beilinson-Lichtenbaum Conjecture/Theorem:
Hyj (X3 2/ m) = Hg(X: i)
for s < t, from which we deduce
Hze(=: 1n)

~H3,(—; u$?) (C containing a primitive nth root of unity)

gH,%f(—; Z/n) (Beilinson-Lichtembaum)

~Hp: Mot (—, K(Z/n(2),2)).
Since Bz,u,, is Al-invariant, we have

Hz:(—=; 1n) = HatMotg (—, B2 1),

and an isomorphism in HMot?:

B?p, — K(Z/n(2),2).

Xing Gu (Westlake) Cohomology of BPGL, 2022-12-17 40/43



The “fundamental” classes

Finally we obtain a morphism in HMot%:
BPGL, — K(Z/n(2),2) — K(Z(2),3)

which represents the “fundamental” class (; € H,?/’,z(BPGL,,).
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The rest is topology

Recall that the cycle class map
cl: Hy,"(BPGL,) — H*(BPGL,)

is a ring homomorphism that commutes with the Steenrod operations.
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The rest is topology

Recall that the cycle class map
cl: Hy,"(BPGL,) — H*(BPGL,)

is a ring homomorphism that commutes with the Steenrod operations.
In particular, we have the “topological fundamental class” x; = cl((1).
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The rest is topology

Recall that the cycle class map
cl: Hy,"(BPGL,) — H*(BPGL,)

is a ring homomorphism that commutes with the Steenrod operations.
In particular, we have the “topological fundamental class” x; = cl((1).
The rest of the proofs therefore involve mostly singular cohomology.
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Thank You!
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